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From Lalescu’s sequence
to a Gamma function limit

Ovidiu Furdui*

Abstract

In this article we study a generalisation of Lalescu’s sequence involving the
Gamma function.

Introduction

Traian Lalescu, a great Romanian mathematician, has proposed in Gazeta Matem-
atica [4] the study of the sequence (L, )necn with the general term:

o= "/ T — V.

The sequence (L, )nen, also known as Lalescu’s sequence, has been studied by
many Romanian mathematicians and it has been shown that it converges to 1/e.
For a recent study of this sequence as well as related Lalescu-like sequences, we
recommend [3] and [5]. In this article we consider the following generalisation of
(Lp)nen involving the Gamma function.

Theorem 1. Let m > 0 be a natural number and let f be a polynomial of degree
m whose coefficient in the leading term is positive. Then,

(&) Tim ((f(x+2)0( +2)) 05 = (fo+ Dz +1)'/7) = 1
(b) Xli_)r&x((f(x +2)0(x + 2))Y/ 0+ — (f(x + DD (x + 1)) V/* — i) = % (m + ;)

Before proving the theorem, we collect some known results about the Gamma
function. We need, in our analysis, the following limit
D(z+ 1)Y= 1
i EEEDNTE_ 1 (1)
T—00 x (&

which can be proved by an application of Stirling’s formula.

The psi function, also known as digamma function, is defined by ¢ (z) = I (x)/T'(z),
and its derivative verifies the following asymptotic expansion, [1]:
1 1 1 1

5 @_%4_...7 z — 00, |argz| <. (2)
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It follows, based on (2), that

lim (2 (2 +1) — 1) = f% . 3)

T—00

Anderson [2] proved that if h(z) = 2¢p(z + 1) — InT'(z + 1), then

M) gy O(lnzx). (4)

x

Now we are ready to prove Theorem 1. To make the calculations easier to follow
we will write {/f(z) instead of (f(x))'/®.

Proof of Theorem 1

Proof. (a) Let f be a polynomial of degree m whose coefficient in the leading term
is a positive real number. It follows that f is positive for large values of z and
(f(2))/* is well defined. We will prove that

lim (f(z +2)0(x +2)Y 0+ — (f(z + DD(z+1))/* = L (5)

T—00 e

Let u(z) = ¢/T(z+1)f(z+1) and V(z) = u(xr + 1) — u(z). The mean value
theorem implies that V(z) = u/(¢) for some ¢ € (x,2 + 1). Thus, to prove (5)
it suffices to show that lim, ,. u'(z) = 1/e. A straightforward calculation shows
that,

v(a) = LD /e,
(Mot Dol 1) | s 1)lo 1) =i SGa 1))

x x

On the other hand, since f is a polynomial, we obtain that

lim ¢/f@+1) =1 and lim a(f'(x+1)/f(x+1)) —Inf(z+1)

r—00 T—00 x

~0. (6)

Combining (1), (4) and (6) we get that lim, . u'(z) = 1/e.

(b) Let L = lim, o0 2((f(z + 2)T(z + 2))/0+2) — (f(z + DT (z + 1))/= — 1/e).
An application of I'Hopital’s rule shows that

u(z+1) —ulz) —1/e

L = lim
T—00 1/,7;
’ o
— i ¥ (x+1)—d(z)
T—300 —1/2?

= — lim x2(u’(x + 1) - u’(fL‘))

Tr—00
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Using the mean value theorem we obtain that v'(z + 1) — v/(x) = u”(¢) for some
c€ (x,x+1),s0 L =—lim, . x%u”(z). We note that,

Y+ 1)z —InT(x+1)

7\/r (x+1) = /T(z+1) =
— Ta+1) alz)
— YT+1) hxf) :
where
a(z) = LEF DT ;QM("’ D nd h(@) = e + 1) — InT(x +1).
Similarly,

(ffla+)/fz+1)x—Inf(z+1)

22

LA = YD)
=V f(z+1) b(x)

= /i 42,
where
~ (ffle+ 1)/ f(x+ 1))z —In f(z+1)
b(z) = .
and ( )
_ @+l z—In f(x
ote) = L o= (e + ).

A calculation shows that,

o (z) = Y'(x+1)  2a(x) _ W(z+1)  2h(x)

T T x 3

and
(fz+1)/f+1))  2g(x)

T x3

b (z) =
It follows, based on formula (fg)" = ng +2f'g' + fq", that
(2) = YT+ 1)/ Fz + D((a(z) +b(x))* +d'(2) + V' (2))

= {T(@+1)/flxz+1)
. ((h( o) | Vet 20t
e st 2
Thus, 22" (z) is equal to
VEED S

y ((h(x)zg(x))z +x2¢,(m+1)_2h(x)_Qg(x)ﬂg(?'((j:)))’)_
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Therefore we obtain that,

p=—1 iy (VIO 4 o2got 1) - 20o) — 2900)

)

On the other hand, a calculation shows that,

. [+ _
o () =

Combining (3), (7) and (8) we obtain that
L = 1<1 + m) — E,
e\2 e

I = lim (WW — 2h(z) — 2g(z) + x)

where

_ JLH;Ox(h2(x) +A) 4P ) ) | )

Using (4) we obtain that

h 2 9 h 2
[= lim x(((@ _ 1) L 29(@) ( (z) ) LY @)
1 1 2
= i (v0 () 2o r) + £ <o,
r—r 00 x x x
The last equality is justified by the following calculations

mOQ(mmx> _ s {0(1”/9;)]2 Lo

x Inz/x

2g(x)o<1”) :2O(lnx/x)<xf'(m+l) Inz lnx) Lo,

T Inz/x flx+1) 7—1nf(x+1)7

and

gzim 916<xf’(x+1))2 I ACE YGRS I S (GRS BN

BEANWICESY flz+1) =z -

Therefore we obtain that L = é(m + %) and the theorem is proved.
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Corollary 2. Let f and g be polynomials of degree m and n whose leading co-
efficients are positive real numbers. Then,
oy f@+2)T( + 2)V/ 0+ — (f(x+ DIz + 1))/"—1/e  2m+1
% (g(@ + 2)T(w + 2)) /050 — (g(a + DDz + ))/7 —1je 20+ 1"

Corollary 3. Let f and g be polynomials of degree m and n whose leading co-
efficients are positive real numbers and let m, n, p and q be nonnegative integers
such that p # q. Then,

(f(z+m+ DT (z +m+ 1)/ (m+)
lim — (flz+n+ DIz +n+ )YE — ((m —n)/e)
2 (g(a+p+D0(@ +p+ 1) 0+
—(glz+ g+ DT (z+q+ 1)) — ((p—g)/e)

(2m+1)(m —n)
@n+1)(p—q)

Proof. Let
am(@) = (f(z + m+ DDz + m + 1)1/0m+)
and
by() = (g +p+ DT +p+ 1)),
We have that,
am(x) — an(x) — (m —n/e)
bp(x) = bg(x) — (p — q/e)
_ (am(@) —am_1(z) = (1/€)) + - + (an1(z) — an(z) — (1/€)) )
(bp(x) = bp—1(x) — (1/€)) + -+ + (bg+1(z) — by(z) — (1/€))

Multiplying by « both the numerator and the denominator of (9) and taking the
limit completes the proof.

The following corollary gives a generalisation of Lalescu’s sequence.

Corollary 4. Let f be a polynomial of degree m with a positive leading coefficient.
Then,

(a) T (/Fln+ )t D - {/fn+ Dnl) = é
(b) nler;On<”L+{/f(n+2)(n+1)! — {/f(n+1)n! - i) = i(m—&- ;)

Remark 1. Letting f = 1 in the preceding corollary we obtain that the limit of
Lalescu’s sequence is 1/e and that the second term of the asymptotic expansion
of L, is 1/(2en), in other words

1
lim L, = lim <"+\1/ (n+1)!— v n!> =-,
e

n—oo n—oo
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and

1 1 1
lim n(Ln - ) = lim n<"+\1/(n+ ) — Vn!— ) = —,
e

n—00 e n—o0 2e

A natural question is to determine the asymptotic expansion of L,,.
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